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The analytical solutions of the Dirac equation under spin and pseudospin symmetries with a
Hellmann-like tensor potential for a class of Yukawa potential is studied via supersymmetric (SUSY)
quantum mechanics (QM). The effect of Hellmann like tensor potential which is a new tensor po-
tential on the energy degeneracy in both the spin and pseudospin symmetries has been investigated
in detail. The Hellmann like tensor potential removes the energy degeneracies completely in both
the spin and pseudospin symmetries. The popular Coulomb tensor and Yukawa tensor were also
deduced from the Hellmann tensor potential.
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I. INTRODUCTION
Yukawa in 1935 published an article describing the
interaction of elementary particles [1] with a potential
model known today as Yukawa potential. This potential
model was proposed for describing the nuclear interac-
tion between protons and neutrons due to pion exchange
and has found applications in many branches of physics
[2–20]. Due to its simplest model of the interaction be-
tween fields, the Yukawa potential is often used as the
prototype of more realistic theories in many situations.
In fluid, for example, Kadiri et al. [2] added the hard-
core attractive Yukawa potential to the Lennard-Jones
potential model to stabilize the local fluid structure and
was shown to have provided a good expression for the
free energy and the pair correlation function for the sys-
tem under study. In Ref. [3], the known regularities
in dense fluids were studied using the hardcore one the
Yukawa and hardcore double Yukawa potential models.
The thermodynamic properties of the freely jointed tan-
gent homonuclear Yukawa chain fluid vapour-liquid equi-
libria have also been studied [4]. Aside from the use of
the hardcore Yukawa potential model for the study of
fluids, it has also found application to different systems
like chain molecules [6,7], osmotic pressure for proteins
[8], and colloidal particles [9]. The potential is also use-
ful in the stabilization of energy levels and the compu-
tations of bound-states energies in neutral atoms both
in relativistic and non-relativistic equations [10–14]. In
relativistic quantum mechanics, the Yukawa potential
has been used as a tensor interaction to stabilize the
structures of the nucleus [16–20] by removing the de-
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generacies between the spin and the pseudospin sym-
metries. For instance, Hamzavi et al. [17] applied the
inversely quadratic Yukawa potential and a tensor inter-
action term to the solutions of the approximate spin and
pseudospin symmetries of Dirac. Their results show that
by the degeneracies between spin and pseudospin state
doublets were removed when the tensor interaction was
applied. In Ref. [18], the authors applied the Coulomb-
like and the Yukawa-like tensor interactions term respec-
tively to the relativistic symmetries of the Deng-Fan and
the Eckart potentials. Their findings also reveal the re-
moval of degeneracies when the tensor interaction term is
applied. The relativistic symmetries of the multiparam-
eter exponential-type potential within the Coulomb-like
and the Yukawa-like tensor interaction terms have also
been studied [19], and the removal of degeneracies as a
result of the application of the Yukawa tensor interaction
term was reported.
The stability of the nuclear structure is very impor-
tant in the study of atoms; hence, several researchers
have used this potential model to obtain the bound-state
energies and the wave functions in for the relativistic
and the non-relativistic wave equations [20]. Consider-
ing the importance/usefulness of the Yukawa potential
and Coulomb potential, we intend to study the behavior
of Dirac equation in the framework of the spin symme-
try and the pseudospin symmetry limit by using com-
binations of the Yukawa potential, Coulomb potential
and inversely quadratic Yukawa potential, called class
of Yukawa potentials in the presence of Hellmann-like
tensor potential; such as a study yet been reported. The
class of Yukawa potential has been studied under non rel-
ativistic Schrödinger equation by Onate and Ojonubah
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[21]. The class of Yukawa potentials read:









This potential has not received any attention in the rel-
ativistic region. Thus, the authors want to study the
symmetry limits of the potential with a new tensor in-
teraction which has not yet been reported.
II. DIRAC EQUATION
The Dirac equation for a spin-1/2 particle with mass
M moving in the field of a repulsive vector, attractive
scalar and tensor potentials (V (r), S(r) and U(r)) in
relativistic units (c =  = 1) is given as
[−→α .−→p + β(M + S(r))
−iβ−→α .rU(r) + V (r)− E]ψ(−→r ) = 0, (2a)
where p = −i∇ is the momentum operator, denotes the
relativistic energy of the system, α and β are the 4 × 4
usual Dirac matrices [22]. Hence, the spinor components


















where fnk(r) is the upper component and gnk(r) is the
lower component of the Dirac spinors. Y jm(θ, ϕ) and
Y ̄jm(θ, ϕ) are spin and pseudospin spherical harmonics,
respectively, and m is the projection of the angular mo-
mentum on the z-axis. In view of the paper of Ikhdair
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− U2 (r) , (4)
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− U2 (r) , (6)
for κ(κ − 1) = 	̃(	̌ + 1), r ∈ (0,∞), where the differ-
ence potential is given by Δ (r) = V (r)− S(r), the sum
potential is given by
∑
(r) = V (r) + S(r), and κ is the
orbit-spin quantum number and is related to the orbital





−(	+ 1) = −(j + 12 )(s 12 , p 32 , etc.)
j = 	+ 12 aligned spin (κ < 0),




j = 	− 12 unaligned spin (κ > 0)
respectively. Similarly, κ in the quasi-degenerate doublet
structure can be further expressed in terms of s̄ = 12 and 	̄
the pseudospin and the pseudo-orbital angular momenta




−	̃ = −(j + 12 )(s 12 , p 32 , etc.)
j = 	̃− 12 aligned spin (κ < 0),




j = 	̄+ 12 unaligned spin (κ > 0)
where κ = ±1,±2,±3, · · · , j is the angular momentum
and n is the radial quantum number.
III. BOUND STATE SOLUTIONS
1. Spin symmetry limit
The spin symmetry limit occurs when dΔ(r)dr = 0, and
Δ (r) = Cs = constant [24–26]. The sum potential
∑
(r)
is equal to the class of Yukawa potentials. It is noted
that the solution for the 	-wave of Eqs. (3) and (5) is
not possible due to the centrifugal term with tensor cou-
pling. A higher-order term in a relativistic expansion for
tensor coupling increases the spin-orbit coupling. This is
an indication that the tensor coupling contributes to the
splitting of the pseudospin in the nucleus. This contri-
bution is expected to be close the Fermi surface because
the tensor coupling depends on the derivative of a vector
potential, which has a peak close to the Fermi surface
for typical nuclear mean-field vector potential [27]. To
obtain the approximate solution, we apply a new approx-







Due to the inclusion of the tensor potential in Eqs. (3)
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where RC = 7.78 fm is the coulomb radius, Za and Zb
denote the charges of the projectile particle a and the
target nuclei b respectively, and H is the tensor strength








































2(HY − aβ) (14a)
χS0 = M + Enκs − Cs, (14b)
χSV = aδ + b− c, (14c)
χS1 = (κ+HC)(κ+HC + 1) (14d)
χS2 = HY (1 + 2κ+ 2HC), (14e)
χS3 = M − Enκs − bδ. (14f)
For a bound state, the ground-state function for the
upper component Fnκ(r) can be written in the form of





where W (r) is called the superpotential in supersymmet-
ric quantum mechanics [29–32] and satisfies the solution
of the Riccati equation given in Eq. (9) as it makes the
left side compatible with the right side. Substituting
Eq. (15) into Eq. (9), we obtain the following equation
for W (r):














where our superpotential W (r) is taken as
W (r) = ρ1 − ρ2
1− e−δr . (17)





















With Eq. (17), we can construct the two partner poten-
tials V± (r) = W 2(r)± dW (r)dr as follows:















































χST = −χS1 − χS2 −H2Y . (22a)
Using the shape invariance technique [33–36], we can
readily show that the two partner potentials are shape
invariant. The invariant potentials are the same except
for a constant. Therefore, the following relationship ex-
ists:
V+(r, a0) = V−(r, a1) +R(a1), (23)
where a0 is an old set of parameters in which the new set
of parameters a1 is obtained from V−(r, a1), and R(a1) is
a remainder that is independent of the variable r. Here,
ρ2 = a0 via a mapping of the form a1 → a0 − δ, a2 →
a0− 2δ, a3 → a0− 3δ. Thus, a generalization is drawn as
an → a0−nδ. In terms of the parameters of the problem,

































































Based on the shape invariance approach and formalism
[37,38], the ground state energy in relation to the partner
-208- Journal of the Korean Physical Society, Vol. 74, No. 3, February 2019
potential is given as
E−0,κ = 0, (28)
















































We now introduce a new variable of the form y = e−δr
and writing the wave function which satisfies the bound-
ary conditions as
Fnk (y) = y





















1 + 4χS1 − 4aχS0 . (33)
Thus, using formula method for the bound-state problem
[39,40], we can easily write the wave spinor for the spin
symmetry as
Fnκ (y) = Nnκy
χS4 (1− y)χS5 2F1
×
(









where 2F1 is a hypergeometric function.
2. The Pseudospin symmetric limit
For pseudospin symmetry to occur, d
∑
(r)
dr = 0 and∑
(r) = Cps = constant. Then, we set the sum potential
as the class of Yukawa potential, Eq. (1). Substituting



































Table 1. Energy for the spin symmetry with b = 2, c = −1,
1 × 10−5, δ = 0.55, M = Cs = 2b − c in the absence of the
tensor interaction.




























































































χP0 = M − EnκP + Cp. (40b)
χP1 = (k +HC) (κ+HC − 1) , (40c)
χPV = b− c− aδ, (40d)
χP2 = HY (2κ+ 2HC − 1) (40e)
χP3 = Enκ,P +M + bδ. (40f)
To avoid repetition of work, we can easily the energy


































Using the formula method for bound-state problem [39,
40], the corresponding wave functions is written in the
form
Gnk (y) = Nnky
χP4 (1− y)χP5 2F1
×
(
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Table 2. Energy for the spin symmetry with b = 2, c = −1, 1 × 10−5, δ = 0.55, M = Cs = 2b − c in the presence of the
Hellmann-like tensor interaction.

















































































































IV. THEORETIC QUANTITIES AND THE
CLASS OF YUKAWA POTENTIAL
To study any theoretic quantity, first we must obtain
the non-relativistic limit of the spin symmetry, which is
equal to the solution of the Schrödinger equation. Use of
transformations, κ → 	, H = CS = 0, M −Enκs → En,















δ2 − (n+ 	+ 1)2 − 	 (	+ 1)




with the corresponding wave function being





















n is a Jacobi polynomial.
Table 3. Energy for the pseudospin symmetry with b = 2,
c = −1, 1×10−5, δ = 0.55, M = −Cs = 2b− c in the absence
of the tensor interaction.

















































1. Onicescu information energy and the Class
of Yukawa Potential





where ρ(r) is the probability density and is equal to the




P (λ,η)n (1− 2y)
]2
, (50)
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Table 4. Energy for the pseudospin symmetry with b = 2, c = −1, 1× 10−5, δ = 0.55, M = −Cs = 2b− c in the presence of
the Hellmann-like tensor interaction.

































































Table 5. Energy of the spin symmetry for the Hellman potential with Hellmann-like tensor interaction with b = 2, c = −1,
1× 10−5, δ = 0.55, M = Cs = 2b− c.



























































































































ρ2 (s)ds, s = 1− 2y, (52)






























2Γ (a+ n+ 1)Γ (b+ n+ 1)
n!aΓ (a+ b+ n+ 1)
, (54)
the information energy in Eq. (48) finally becomes
E(ρ) = 8π
[





Γ (2η + n+ 1)
×Γ (2λ+ n+ 1)Γ (2η + 2λ+ n+ 1)
(2λ− 1)Γ (2η + 2λ+ n)
]2 (55)
For the ground state,
E(ρ) = 8π
[
λΓ (2λ+ 2η + 1)
Γ (2η + 1)
× Γ (2η + 2λ+ 1)
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Table 6. Energy of the spin symmetry for the Yukawa potential with the Yukawa-like tensor interaction with b = 0, c = 1,
a = 0× 10−5, δ = 0.55, M = Cs = 5c.

















































































































Table 7. Energy of the spin symmetry for the Coulomb potential with a Coulomb-like tensor interaction with b = 2, c = 0,
a = 0× 10−5, δ = 0.55, M = Cs = 2b+ 1.

















































































































For the first excited state,
E(ρ) = 8π
[
λΓ (2λ+ 2)Γ (2λ+ 2η + 2)
Γ(2λ+ 1)
2
Γ (2η + 2)
×Γ (2λ+ 2)Γ (2η + 2λ+ 2)




and for the second excited state,
E(ρ) = 1.571
[
λΓ (2λ+ 3)Γ (2λ+ 2η + 3)
Γ(2λ+ 1)
2
Γ (2η + 3)
×Γ (2λ+ 3)Γ (2η + 2λ+ 3)
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Table 8. Energy of the pseudospin symmetry for the Hellmann potential with a Hellmann like tensor interaction with b = 2,
c = −1, a = 0× 10−5, δ = 0.55, M = −Cs = 2b− c.

































































Fig. 1. (Color online) Energy of the spin symmetry Enks
for 0p1/2, 0d3/2 and 0d5/2with the Hellmann potential.
V. DISCUSSION
In Tables 1 and 2, we presented the energy eigenvalues
of the spin symmetry for the class of Yukawa potentials
in the absence and presence of a Hellmann-like tensor
potential, respectively. In the absence of the Hellmann
like tensor potential, the following energy degeneracies
occur 0p3/2 = 0p1/2, 1p3/2 = 1p1/2, 2p3/2 = 2p1/2,
3p3/2 = 3p1/2, 0d5/2 = 0d3/2, 1d5/2 = 1d3/2, 2d5/2 =
2d3/2, 3d5/2 = 3d3/2, 0f5/2 = 0f7/2, 1f5/2 = 1f7/2,
2f5/2 = 2f7/2, and 3f5/2 = 3f7/2. In the presence of
the Hellmann-like tensor potential, these degeneracies
are completely removed.
In Figs. 1 and 2, we plot energy eigenvalue of the
spin symmetry and pseudospin symmetry respectively of
some states against the Hellmann-like tensor potential.
In Tables 3 and 4, we present the energy eigenval-
ues of the pseudospin symmetry for the class of Yukawa
potential in the presence and absence of a Hellmann
like tensor potential respectively. In the absence of the
Hellmann-like tensor potential, the usual energy degen-
eracies 1s1/2 = 0d3/2, 1p3/2 = 0f5/2, 1d5/2 = 0g7/2,
1f7/2 = 0h9/2, 2s1/2 = 1d3/2, 2p1/2 = 1f5/2, 2d5/2 =
1g7/2, 2f7/2 = 1h9/2,occur. In the presence of the
Hellmann-like tensor potential, the all degeneracies dis-
Fig. 2. (Color online) Energy of the pseudospin symmetry
Enkp for 1s1/2, 1p3/2 and 0d3/2with the Hellmann potential.
appeared. In Table 5, we present the energy eigenval-
ues of the spin symmetry for the Hellmann potentials
in the absence and presence of a Hellmann-like tensor
potential. This is achieved by putting a = 0. The ef-
fects observed in Tables 1 and 2 are also observed. In
Table 6, the energy eigenvalues of the spin symmetry
for the Yukawa potential in the absence and presence
of a Yukawa-like tensor potential are presented. This
is done by putting a = b = HC = 0. In the absence
of the Yukawa-like tensor potential, the usual degenera-
cies for the spin symmetry occur. In the presence of the
Yukawa-like tensor potential, the only degeneracy that
occurs is 3p3/2 = 0p1/2. In Table 7, we presented the
energy of the spin symmetry for the Coulomb potential
in the absence and presence of Coulomb like tensor po-
tential. This is done when a = c = HY = 0. In the
absence of the Coulomb like tensor potential, the usual
degeneracies occurred. In the presence of the Coulomb
like tensor potential, the following degeneracies are ob-
served: 1p3/2 = 0d3/2, 1d5/2 = 0f5/2, 1f7/2 = 0g7/2,
2p3/2 = 1d3/2, 2d5/2 = 1f5/2, 2f7/2 = 1g7/2. In Ta-
ble 8, we presented energy eigenvalue of the pseudospin
symmetry for Hellmann potential in the absence and the
presence of Hellmann-like tensor potential. In the ab-
sence of tensor term, the usual degeneracies occurred
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Table 9. Energy of the pseudospin symmetry for the Yukawa potential with a Yukawa-like tensor interaction with b = 0,
c = 1, a = 0× 10−5, δ = 0.55, M = −Cs = 5c.

































































Table 10. Energy of the pseudospin symmetry for the Coulomb potential with a Coulomb-like tensor interaction with b = 2,
c = 0, a = 0× 10−5, δ = 0.55, M = −Cs = 2b+ 1.

































































while in the absence of tensor term, there are no de-
generacies occur. In Table 9, we presented the energy
eigenvalu of the pseudospin symmetry for the Yukawa
potential in the absence and presence of Yukawa-like ten-
sor term. The usual degeneracies occur in the absence of
Yukawa-like tensor term. The degeneracies disappeared
in the presence of Yukawa-like tensor term. In Table 10,
we present energy eigenvalue of the pseudospin symme-
try for the Coulomb potential in the absence and pres-
ence of Coulomb-like tensor potential. In the absence
of the Coulomb-like tensor potential, the usual degen-
eracies for the pseudospin symmetry occur, but in the
presence of the Coulomb-like tensor potential, the fol-
lowing degeneracies occur: 2p3/2 = 1d3/2, 2d5/2 = 1f5/2,
2f7/2 = 1g7/2.
VI. CONCLUSION
In this study, we have shown the analytical expression
for the bound states energy of the Dirac equation under
spin and pseudospin symmetries with a new tensor inter-
action for a class of the Yukawa potential in the frame-
work of supersymmetry quantum mechanics. The effect
of tensor potential which removes the energy degeneracy
doublets in both the spin and pseudospin symmetries are
studied in detail. We note that the Hellmann-like tensor
potential removes the whole degeneracies from both the
spin and pseudospin symmetries while the Yukawa-like
tensor potential removes all degeneracies in the pseu-
dospin symmetry but a degeneracy doublet in the spin
symmetry. However, the popularly used Coulomb-like
tensor potential still have some energy degeneracies in
both the spin and the pseudospin symmetries. Thus, the
inclusion of a Hellmann-like tensor interaction is better
for atomic stability because the removal of the degen-
eracy results in atomic stability. Finally, the analytical
expression for the Onicescu information energies for the
ground state and the excited states has also been pro-
vided. The result obtained so far can be applied in the
study of atoms and molecules because of the stabilizing
force of the Yukawa potential model.
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